ABSTRACT : Let A be a Noetherian local ring with the maximal ideal m and an m-primary ideal J. Let F = {I n } n≥0 be a good filtration of ideals in A. Denote by F J (F ) = n≥0 (I n /JI n )t n the fiber cone of F with respect to J. The paper characterizes the multiplicity and the CohenMacaulayness of F J (F ) in terms of minimal reductions of F .
In terms of minimal reductions of filtrations, the aim of this paper is to give characterizations of the multiplicity (Theorem 3.3, Section 3) and the Cohen-Macaulayness (Theorem 4.2, Section 4) of the fiber cone F J (F ) of a good filtration F . A crucial role in this paper is played by the use of weak-(FC)-sequences of good filtrations (see Section 2). The results of this paper prove that the main results of [Vi2] are still true for fiber cones of good filtrations. Moreover, from the main result we show that: For any good filtration F = {I n } n≥0 with ℓ(F ) = 1, n≥0 (I Ln /mI Ln )t n is Cohen-Macaulay for all large L (Corollary 4.3, Section 4);
and we obtain more favorite results than the results in [Vi2] (Remark 4.4).
This paper is divided into four sections. Sect.2 deals with weak-(FC)-sequences of good filtrations. Sect.3
investigates the multiplicity of fiber cones of good filtrations. Sect.4 is devoted to the discussion of the Cohen-Macaulayness of fiber cones of good filtrations.
The weak-(FC)-sequences of good filtrations
The author in [Vi1] built (FC)-sequences of ideals in local rings for calculating mixed multiplicities. In order to study the multiplicity and the Cohen-Macaulayness for fiber cones of good filtrations, this section introduces weak-(FC)-sequences of good filtrations and some important properties of these sequences.
A filtration F = {I n } n≥0 of ideals in A is a chain of ideals I n such that A = I 0 , I 1 is a proper ideal of A, I n+1 ⊆ I n and I n I m ⊆ I n+m for all n, m ≥ 0. Let I be an ideal of A. F is called an I-good filtration if II n ⊆ I n+1 for all n ≥ 0 and I n+1 = II n for all large n. In this case, I ⊆ I 1 . F is called a good filtration if it is an I-good filtration for some ideal I of A. It is easily seen that F is a good filtration if and only if F is an I 1 -good filtration. A good filtration F is called a nilpotent filtration if I n = 0 for all large n. This is equivalent to I 1 nilpotent. Set F /I = {I n (A/I)} n≥0 and F J (F /I) = n≥0 (I n + I)/(JI n + I) t n for any ideal I of A.
Definition. Let I be an ideal of A and F = {I n } n≥0 a non-nilpotent good filtration of ideals of A. An element x ∈ I 1 is called a weak-(FC)-element with respect to (I, F ) if the following conditions are satisfied:
(FC 1 ): I m I n (x) = I m xI n−1 for all large n and for all non-negative integers m.
(FC 2 ): x is a filter-regular element with respect to I 1 , i.e., 0 : An ideal I of A is called a reduction of a good filtration F = {I n } n≥0 if F is an I-good filtration. The least integer n such that II n = I n+1 is called the reduction number of F with respect to I and we denote this integer by r I (F ). A reduction I of F is called a minimal reduction if it does not properly contain any other reduction of F . The reduction number of F is defined by
Note that in the case of F an I-adic filtration, I is called a reduction of I and the notations r I (I) and r(I) will mean the reduction number of I with respect to I and the reduction number of I, respectively. -R] showed that a reduction I of I is a minimal reduction if and only if the minimal number of generators of I is equal to the analytic spread ℓ(I) = dim F m (I) of I. If ht I is the height of I then ht (I) ℓ(I). In the case of ht (I) = ℓ(I), I is called equimultiple. A good filtration F is called an
Northcott and Rees in [N
Define R(F ) = n≥0 I n t n and G(F ) = n≥0 (I n /I n+1 )t n to be the Rees algebra and the associated graded ring of F , respectively. Denote by M the maximal homogeneous ideal of R(F ). Now, we briefly give some comments on weak-(FC)-sequences of a good filtration of ideals in A and the fiber cone of good filtrations by the following remark.
Remark 2.1.
(i) If F is a nilpotent good filtration of ideals of A then I n 1 ⊆ I n = 0 for all large n. Consequently, for any element x ∈ I 1 and for any ideal I of A, we always have I m I n (x) = 0 = I m xI n−1 for all large n and 0 : x ⊂ A = 0 : I 1 ∞ . Hence the conditions (FC 1 ) and (FC 2 ) always are satisfied for all x ∈ I 1 . This only obstructs and does not carry useful. That is why in definition of weak-(FC)-elements, we have to exclude the case where F is a nilpotent good filtration of ideals of A.
(ii) Since F is a good filtration of ideals of A, there exists u such that I n = I n−u 1 I u for all large n. By Artin-Rees lemma, there exists integer v such that
(0 : I 1 ∞ ) = 0 for all large enough n, (0 : I 1 ∞ ) I n = 0 for all large n.
(iii) Suppose that x ∈ I 1 is a filter-regular element with respect to I 1 . Consider
It is clear that λ x is surjective and Ker λ x = (0 : x) I n . Since x is a filter-regular element,
for all large n. Therefore, xI n ≃ I n . This follows that xII n ≃ II n for any ideal I of A and for all large n.
Hence for any ideal I of A, we have an isomorphism of A-modules I n /II n ≃ xI n /xII n for all large n.
(iv) Set A * = A/0 : I ∞ 1 ; I * = IA * ; I * n = I n A * for all n ≥ 0; a * the image of a ∈ A in A * . Suppose that
x ∈ I 1 is a filter-regular element with respect to I 1 . Since 0 :
(v) If ℓ(F ) = 1 and an element x such that (x) is a reduction of F , then for any ideal I of A and for all large n, we have I m I n (x) = I m xI n−1 (x) = I m xI n−1 for all non-negative integers m. On the other hand 0 : x ⊆ 0 : I 1 ∞ . Hence x is a weak-(FC)-element with respect to (I, F ).
Since F is a good filtration of ideals of A, it is easily seen that S j = n≥j (I n /JI n )t n = F J (I 1 )(I j /JI j )t j for all large j. Hence l A (I n /JI n ) is a polynomial Q(n) for all large n, and deg We now show that if an element x ∈ I 1 is a weak-(FC)-element with respect to (I, F ) then x is also a superficial element with respect to (I, F ). Indeed, if x ∈ I 1 is a weak-(FC)-element with respect to (I, F ), then for all large n and all m 0, we have
By (ii) , there exists a positive integer c such that (0 :
Thus for all large n (n > c) and all m 0,
The reverse inclusions are trivial. Hence x is a superficial element with respect to (I, F ).
A minor variation in Rees's argument [see the proof of Lemma 1.2, Re] yields the following lemma.
Lemma 2.2(Generalized Rees's Lemma). Let F = {I n } n≥0 be a good filtration of ideals of A. Let I be a reduction of F , I an ideal of A. Let Σ be a finite collection of prime ideals of A not containing I 1 . Then there exists an element x ∈ I\ P ∈Σ P such that (x) I m I n = I m xI n−1 for all large n and all non-negative integers m.
Using Lemma 2.2, we will show that the existence of weak-(FC)-sequences in good filtrations is universal by the following proposition.
Then there exists a weak-(FC)-element in I with respect to (I, F ).
Proof.
It is easily seen that Σ = {P ∈ AssA | P I 1 } and Σ is finite. Since I 1 is non-nilpotent, there exists x ∈ I such that x / ∈ P for all P ∈ Σ and (x) I m I n = I m xI n−1 for all large n and all non-negative integers m by Lemma 2.2. Thus, x satisfies condiction (FC 1 ). Since x / ∈ P for all P ∈ Σ, 0 :
Let J be an m-primary ideal of A. Denote by M the maximal homogeneous ideal of the Rees algebra R(F ) of a filtration F . The notation e(F J (F )) will mean the Hilbert-Samuel multiplicity of local ring
and it is called the multiplicity of F J (F ).
Proposition 2.4. Let J be an m-primary ideal of A. Let F = {I n } n≥0 be a good filtration of ideals in A.
(
iii) The length of maximal weak-(FC)-sequences in
(v) Any minimal reduction of F is generated by a maximal weak-(FC)-sequence in I 1 with respect to
Proof. Since J is an m-primary ideal of A, m/J is a nilpotent ideal in A/J , and hence
Since dim 0 n j−1 (I n /JI n )t n = 0 < ℓ = dim F J (F ), it follows that e(F J (F )) = e(S j ). Direct computation shows that
for all large enough n. Remember that l A (I n+j /JI n+j ) is a polynomial of degree (ℓ − 1) for all large enough n. Hence we get e(
. This completes the proof of (i). Let x ∈ I 1 be a weak-(FC)-element with respect to (J, F ). Set E n = I n (A/xA) for all n ≥ 0. Then
and for all large enough n, we have
Consequently, it holds that
for all large enough n. By (1) we get e(F J (F /(x))) = e(F J (F )). Therefore, we have(ii). It follows readily
Next we prove (iii): First note that if ℓ = 0 then I 1 is a nilpotent ideal of A. In this case, the length of maximal weak-(FC)-sequences in I 1 with respect to (J, F ) is 0 = ℓ. If ℓ > 0 and x 1 , x 2 , . . . , x s is a weak-(FC)-sequence in I 1 with respect to (J, F ), then using (**), we easily prove by induction on s that
This implies that the length of maximal weak-(FC)-sequences in I 1 with respect to (J, F ) is ℓ. We get (iii).
The proof of (iv): Let x 1 , x 2 , . . . , x ℓ be a weak-(FC)-sequence in I 1 with respect to (J, F ). The proof is by induction on i ℓ that (x 1 , x 2 , . . . , x i ) I n+1 = (x 1 , x 2 , . . . , x i )I n for all large n. The case of i = 0 is trivial. Denote by x ′ i the image of x i in A ′ = A/(x 1 , x 2 , . . . , x i−1 ). For suppose the result has been
This is equivalent to I n+1 [(x i ) + N ] = x i I n + N I n+1 . By inductive assumption, N I n+1 = N I n for all large n. Hence (x 1 , x 2 , . . . , x i ) I n+1 = (x 1 , x 2 , . . . , x i )I n for all large n. The induction is complete. This
gives (x 1 , x 2 , . . . , x ℓ ) I n+1 = (x 1 , x 2 , . . . , x ℓ )I n for all large n. Since x 1 , x 2 , . . . , x ℓ is a maximal weak-(FC)-
Therefore, I n ⊆ (x 1 , x 2 , . . . , x ℓ ) for all large n. Consequently,
for all large n. Hence (x 1 , x 2 , . . . , x ℓ ) is a minimal reduction of F . The proof of (v): Let I be a minimal reduction of F . Now, note that if x ∈ I is a weak-(FC)-element with respect to (J, F ), then by (**) we
is also a minimal reduction of F /(x). Hence by Proposition 2.3 and by induction on dim F J (F ), we easily give that there exists a maximal weak-(FC)-sequence x 1 , x 2 , . . . , x ℓ in I with respect to (J, F ). By (iv), (x 1 , x 2 , . . . , x ℓ ) is a reduction of F . Since (x 1 , x 2 , . . . , x ℓ ) ⊂ I and I is a minimal reduction of F , I = (x 1 , x 2 , . . . , x ℓ ). Proposition has been proved.
The multiplicity of fiber cones of good filtrations
In this section, we will examine the multiplicity of fiber cones of good filtrations.
Denote by M the maximal homogeneous ideal of R(F ). Recall that the multiplicity of the fiber cone
We begin by the following note.
Note 1: By Proposition 2.4, a reduction of F is a minimal reduction of F if and only if it is generated by a weak-(FC)-sequence of the length ℓ = ℓ(F ). Let x 1 , x 2 , . . . , x ℓ be a weak-(FC)-sequence in I 1 with respect to (J, F ). Then I = (x 1 , x 2 , . . . , x ℓ ) is a minimal reduction of F . And by the proof of Proposition 2.4, dim F J (F /(x 1 , x 2 , . . . , x s )) = dim F J (F ) − s for all s ℓ. This also means I[A/(x 1 , x 2 , . . . , x s )] is a minimal reduction of F /(x 1 , x 2 , . . . , x s ).
The following proposition plays an important role in the proofs of this paper. and I −1 = 0. For any i < ℓ, set P (i) = (x 1 , . . . , x i ) :
ItFJ (F ) if and only if I n P (i) ⊆ II n−1 (mod JI n ) for all 0 n r I (F ).
Proof. Set A * = A/0 : I 1 ∞ and F * = F /0 :
for all large enough n. This gives l A (
for all large enough n. Hence
Let x ∈ I 1 be a weak-(FC)-element with respect to (J, F ). Then on the one hand by Proposition 2.4(ii), e(F J (F /(x))) = e(F J (F )). Now, assume that the analytic spread ℓ = ℓ(F ) > 1 and x 1 , x 2 , . . . , x i (i < ℓ) is a weak-(FC)-sequence in I 1 with respect to (J, F ). We easily show by induction on i < ℓ that e(F J (F )) = e(F J (F (i))). On the other hand by (2), e(F J (F (i))) = e(F J (F ′ (i))). Hence
Note that this equation is true too in the case of ℓ = 1 by (2). This establishes (i). Set r I (F ) = r,
It is clear that
for all 0 n r. Hence we immediately get (ii). Moreover,
if and only if (II n−1 + JI n ) = (P (i) I n + II n−1 + JI n ) for all 0 n r. This means
We have (iii).
Lemma 3.2. Let J be an m-primary ideal of A. Let F = {I n } n≥0 be a good filtration of ideals in A with
In+JIn for all n ≥ r.
Proof. By Remark 2.1 (v), x is a weak-(FC)-element in I 1 with respect to (J, F ). Since ℓ(F
takes a constant value for all large enough n. This gives e(F J (F )) = l A (I n /JI n ) for all large enough n.
Remember that r (x) (F ) = r. Hence I n = I r x n−r for all n > r. Now, if grade I 1 > 0 then x n−r is non-zerodivisor in A. This implies the following isomorphism of A-modules I r /JI r ≃ x n−r I r /x n−r JI r = I n /JI n for all n ≥ r. We get (i). Set F * = F /0 :
Recall that by Proposition 3.1, e(F J (F )) = e(F J (F * )). Since (0 : I 1 ∞ ) : I 1 = 0 : I 1 ∞ , it follows that grade I * 1 > 0. On the other hand we always have grade I * 1
is a reduction of F * and r (x * ) (F * ) r (x) (F ) = r, by (i) we get
By combining Proposition 3.1 with Lemma 3.2, we obtain the following theorem. That is the main result of this section.
Theorem 3.3. Let J be an m-primary ideal of A. Let F = {I n } n≥0 be a good filtration of ideals in A with
By Note 1, I is a minimal reduction of F and dim F J (F (ℓ − 1)) = 1, and (x ℓ ) = x ℓ (A/Q) = I(A/Q) is a minimal reduction of F (ℓ − 1). Since r I (F ) = r, it follows that r (x ℓ ) (F (ℓ − 1)) r. Hence by Lemma 3.2(ii),
Note that we always have the following isomorphism of A-modules
This gives
Theorem 3.3 has been proved.
The Cohen-Macaulayness of fiber cones of good filtrations
In this section, we answer the question when the fiber cones of good filtrations of ideals in A are CohenMacaulay.
Denote by M the maximal homogeneous ideal of R(F ). Then F J (F ) is Cohen-Macaulay if and only if
We begin by establishing the following lemma.
Lemma 4.1. Let F = {I n } n≥0 be a good filtration of ideals in A with with ℓ(F ) = grade I 1 = 1 and
Cohen-Macaulay if and only if xI n−1 JI n = JxI n−1 for all 1 n r.
Proof. Without loss of generality we may assume that
x is a weak-(FC)-element in I 1 with respect to (J, F ). On the one hand by Proposition 2.4(i) and (x) is a reduction of F ,
On the other hand by Lemma 3.2(i), e(F J (F )) = l A (I r /JI r ). Hence
Since grade I 1 > 0, x is non-zero-divisor in A. Hence xI s /xJI s ≃ I s /JI s for all s ≥ 0. Therefore,
It is clear that xtF J (F ) is an ideal of parameter for F J (F ). Consequently, F J (F ) is Cohen-Macaulay if and
. This is equivalent to
Hence F J (F ) is Cohen-Macaulay if and only if xI n−1 JI n = JxI n−1 for all 1 n r.
Let J be an m-primary ideal of A and F = {I n } n≥0 a good filtration of ideals in A with ℓ(F ) = ℓ > 0.
Remember that if ℓ = ℓ(F ) and x 1 , x 2 , . . . , x ℓ is a weak-(FC)-sequence in I 1 with respect to (J, F ), and set
The main result of this section is established in the following theorem. 
(ii) II n−1 + (Q :
Proof. Denote by M the maximal homogeneous ideal of R(F ). Without loss of generality we may assume
Hence by Proposition 2.4(i) and Proposition 3.1, we have
Since (Q :
) is an ideal of parameter for
Since ItF J (F ) is an ideal of parameter for F J (F ), F J (F ) is Cohen-Macaulay if and only if
By (3) and (4), (5) is equivalent to the following two equations:
and
Recall that ItF J (F ′ (ℓ − 1)) is an ideal of parameter for
is Cohen-Macaulay. On the one hand,
) is Cohen-Macaulay if and only if
Since
(Q : I 1 ∞ ) + JI n = JII n−1 + (Q : I 1 ∞ ) for all 1 n r.
It can be verified that this condition also means II n−1 + (Q : I 1 ∞ )] JI n = JII n−1 (mod Q : I 1 ∞ ) for all 1 n r.
By Proposition 3.1(iii), (7) is equivalent to I n (Q : I 1 ∞ ) ⊆ II n−1 (mod JI n ) for all 0 n r.
Hence F J (F ) is Cohen-Macaulay if and only if the following conditions are satisfied (Q : I 1 ∞ ) I n ⊆ II n−1 (mod JI n ) for all 0 n r.
II n−1 + (Q : I 1 ∞ ) JI n = JII n−1 (mod Q : I 1 ∞ ) for all 1 n r.
This completes the proof of Theorem 4.2.
From Theorem 4.2, we give the following interesting consequence. Proof. Set A * = A/0 : I 1 ∞ , m * = mA * , F * = F /0 : I 1 ∞ = {I * n = I n A * } n≥0 . Let x be an element in I 1 such that (x) is a minimal reduction of F . Then (x * ) (x * the image of x in A * ) is also a minimal reduction of F * .
Hence by Remark 2.1(v), x and x * are weak-(FC)-elements with respect to (m, F ) and (m * , F * ), respectively.
Since x * satisfies the condition (FC 1 ), there exists a positive integer u such that (x * ) m * m I * n = m * m x * I * n−1 for all n ≥ u and all non-negative integers m. By Remark 2.1 (ii), there exists a positive integer v such that (0 : I 1 ∞ ) I n = 0 for all n ≥ v. Set N = max{u, v}. For the proof of this corollary we need the following. Since x 1 , x 2 , . . . , x ℓ , y 1 , . . . , y s is a minimal base of I 1 , a i − b i ∈ m for 1 i ℓ. Hence a i ∈ m for 1 i ℓ.
Thus, x ∈ mI. This follows that I mI 1 = mI.
On the one hand by Note 3, (x * T ) m * I
